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, Abstract. In this paper, we develop results in the direction of an analogue of Sjamaar 

and Lerman's singular reduction of Hamiltonian symplectic manifolds in the context of 
reduction of Hamiltonian generalized complex manifolds (in the sense of Lin and Tolman) . 
Specifically, we prove that if a compact Lie group acts on a generalized complex manifold 
in a Hamiltonian fashion, then the partition of the global quotient by orbit types induces 
a partition of the Lin~Tolman quotient into generalized complex manifolds. This result holds 
, also for reduction of Hamiltonian generalized Kahler manifolds. 
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'. 1 Introduction 

m 

' Generalized complex geometry was introduced by Hitchin in [11], and further developed by his 

student Gualtieri in his doctoral thesis [9]. It serves as a common ground in which symplectic, 



Poisson, and complex geometry can meet. For this reason, there has been much effort to 
' import ideas and techniques from these other fields into the generalized complex setting. In 

. particular, many constructions and results from equivariant symplectic geometry have found 

useful analogues here. One example is that of Hamiltonian group actions and moment maps, 
developed in [l^. (Similar constructions were developed and examined by other groups, such 
^ . as H [20] and [H], but this paper expands specifically on the work of Lin and Tolman.) 

Lin and Tolman's construction generalizes the usual symplectic definition, and they go on 
to prove that one can reduce a generalized complex manifold by its Hamiltonian symmetries, 
in perfect parallel to Marsden-Weinstein symplectic reduction [15] (sometimes also credited to 
Meyer [16]). Just as in the symplectic case, in order to ensure that the generalized reduced space 
is a manifold, one must make an assumption regarding freeness of the group action. 

In |19j . Lerman and Sjamaar proved that if the symplectic reduced space is not a manifold, 
then the orbit type stratification of the original symplectic manifold induces the structure of 
a stratified space (see Definition 1.7 of that paper) on the reduced space, each stratum of which 
is naturally a symplectic manifold. The main result of this paper. Theorem 15.31 is a first step 
in the direction of an analagous result for the case of a singular generalized complex reduced 
space. It states that the singular generalized complex reduced space can be partitioned into 
disjoint generalized complex manifolds. It is not yet known whether the reduced space in this 
situation is actually a stratified space. A similar, although distinct, situation was studied in |13j . 
in which the authors considered the singular reduction of Dirac manifolds. They analyzed the 
global quotient of a Dirac manifold by a proper group action as a differential space, as in [6], 
and obtained conditions that guarantee the Dirac structure will descend to the quotient space. 
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An interesting difference between the symplectic and generalized complex situations is that 
the generic result of symplectic reduction is a space with at worst orbifold singularities, whereas 
for the reduction of a twisted generalized complex manifold, the generic result may be a space 
with worse-than-orbifold singularities. See Remark 15.11 below. 

Section [2] is a rapid introduction to some essential notions from generalized complex geomet- 
ry. Section [3] reviews some important facts about equivariant cohomology and the orbit type 
stratification of G-spaces. Section [J] consists of a summary of Hamiltonian actions and reduction 
in generalized complex geometry. Finally, Section [5] contains the full statement and proof of our 
main theorem. 

An earlier version of this work appeared in the author's doctoral thesis [8], where many 
definitions and calculations are explained in great detail. 

Throughout, we use the abbreviations "GC" for "generalized complex" and "GK" for "gene- 
ralized Kahler". Also, we typically use the same notation and nomenclature to refer to both 
a map and its complex linear extension. Finally, we make use of the musical notation for the map 
between a vector space and its dual induced by a bilinear form. If B : V x V ^ M is a bilinear 
form on a real vector space V, then we will denote hy : V ^ V* the map v i— >• LyB := B{v, ■), 
where ty denotes the interior product by v. If B is non-degenerate, then B^ is invertible and 
we denote its inverse 

by ^t) := . We also use the musical notation for vector bundles, 

sections of their second symmetric powers, and the associated bundle maps. 

2 Generalized complex geometry 

We begin by giving several standard definitions and results from generalized complex geometry, 
which can be found in [9] or [3]. 

For any smooth manifold M, the Pontryagin bundle, or generalized tangent bundle, 
of M is TM := TM T*M. This vector bundle carries a natural non-degenerate symmetric 
metric ((•, •)) of signature {n,n), defined by 

{{u + a,v + ^)) ■.= ^{a{v) + (3{u)) 

for all rr E M and u + a,v + /3 € T^M. We will use the same notation for the complex bilinear 
extension of this metric to the complexification TqM := TM(8)rC. These metrics will henceforth 
be referred to as the standard metrics on TM and TcM. 

Proposition 2.1. Let M be a manifold. There is a natural bijective correspondence between 
the following two structures. 

1. Complex linear subbundles E C TcM over M such that E f] E = and E is maximally 
isotropic with respect to the standard metric on Tc^^- {Here denotes the image of the 
zero section o/TcM — t- M, as is customary.) 

2. Bundle automorphisms J of TM over the identity M ^ M such that = —id and J is 
orthogonal with respect to the standard metric on TM. 

Definition 2.2. Let M be a manifold. Either of the equivalent structures described in Propo- 
sition [2T] will be called an almost GC structure on M. If M is equipped with an almost GC 
structure J', then {M,J) is an almost GC manifold. 

Let E C TcM be an almost GC structure on M, and for each x S M let tTx '■ ^c,xM — > Tq^^M 
be the projection. The type of this almost GC structure at the point a; G M is the complex 
codimension of tTx^Ex) in Tq^xM: 



type{E)x = dime Tc,xM - dime T^xiEx)- 
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Let J\ and J2 be commuting almost GC structures on M. Then G := —J\ o is an 
orthogonal and involutive bundle map TA/ — t- TM, and there is an associated bilinear form 
defined by 



for all X,y TM in a common fiber. We call G positive definite if its associated bilinear form 
is positive definite, i.e. if {{G{X), X)) > for all nonzero X G TM. An almost GK structure 
on M is a pair of commuting almost GC structures (j7i, J^2) on M such that G := —J\ o J2 is 
positive definite. 

Remark 2.3. Let M be a manifold. A maximally isotropic linear subbundle of TM, respec- 
tively TcM, is called a Dirac structure, respectively complex Dirac structure on M. Thus 
an almost GC structure on M is a complex Dirac structure E C T^M satisfying E E = {0}. 

Definition 2.4. Let M be a manifold, and let B G r2^(M), where f2^(M) denotes the space of 
differential two-forms on M. The B-transform of TM defined by B is the map 



The i?-transform e^ is called closed or exact if the two-form B is closed or exact, respectively. 

Proposition 2.5. Let M be a manifold and let B G Q,'^{M). The B-field transform is 
orthogonal with respect to the standard metrics on TM and TqM . It transforms almost GC 
structures on V by 

J^e^ojoe'^ and E^e^{E) 

for an almost GC structure given equivalently by a map J or a Dirac structure E, and it preserves 
types. It transforms almost GK structures (c7i,i72) by transforming J\ and J2 individually. 

The Lie bracket defines a skew-symmetric bilinear bracket on sections of the tangent bund- 
le TM. This can be extended to a skew-symmetric bilinear bracket on sections of the Pontryagin 
bundle TM, called the Courant bracket, defined by 



for aX[ X -\- a,Y + (3 G r(TM), where r(TAf ) denotes the space of smooth sections of TM M. 
Here the bracket on the right-hand side is the usual Lie bracket of vector fields, and C denotes Lie 
differentiation. For each closed differential three- form H G il|^[(M), there is also the H -twisted 
Courant bracket, defined by 



X + a,Y -\- f3 G r(TM). Both the Courant and the ii^-twisted Courant brackets extend complex 
linearly to brackets on smooth sections of the complexified Pontryagin bundle TcM, which will 
be denoted the same way. 

Definition 2.6. Let M be a manifold, and let L be a real (respectively complex) linear sub- 
bundle of TM (respectively TcM). Then L is Courant involutive if the space r(L) of smooth 
sections of L is closed under the Courant bracket, i.e. [r(L),r(L)] C r(L). If G r2|?j(M), we 
similarly define H -twisted Courant involutive. 



{x,y)^{{G{x),y)) 




[X + a,y + /3] := [X,Y] + CxP - Cya- -d{P{X) 



a{Y)) 



[X + a,Y + P]h := [X + q, y + /3] + iyLxH 
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Let E C TcM be an almost GC structure on M. This is a GC structure if E is Courant 
involutive, in which case (M, i?) is a GC manifold, li H £ ^l'^^{M) and E is ff- twisted Courant 
involutive, then E is an H-twisted GC structure, and {M, E, H) is a twisted GC manifold. 

Let (i7i, 1/2) be an almost GK structure on M. This is a structure if both J7i and ^2 are 
Courant involutive, in which case (M, J7i, ^72) is a Gif manifold. If H G Q,^^{M) and J7i and ^2 
are //-twisted Courant involutive, then this is an H-twisted GK structure, and (M, J\,J2^ H) 
is a twisted GK manifold. 

Remark 2.7. Let M be a manifold and D be a real or complex Dirac structure on M. Then D 
is called closed, or integrable, if the space T{D) of smooth sections of D is Courant involutive. 
Thus a GC structure on M is a closed complex Dirac structure E C TcM such that E f] E = 0. 

Proposition 2.8 (Proposition 3.23 of |9]). Let M be a manifold, let H G 0^;(M), and let 
B € r2^(M). T/ie B-transform of an H-twisted GC structure is an (H + dB)-twisted GC 
structure. Thus, a closed B-transform of an untwisted CC structure is untwisted. 

Example 2.9. 

1. Let {M,oo) be an almost symplectic manifold, meaning that lo G il^(Af) is a non- 
degenerate form on M, but not necessarily closed. This defines an almost GC structure 
on M by 



-uj^ 
oj^ 



of type at every point. It has associated Dirac structure defined by 

Eu.,x = {X I X G Tc,..M}, 

for each x G M. As discussed in Section 3 of [9], it is a GC structure if and only if do; = 0, 
i.e. if and only if w is a symplectic structure on M. 

2. Let {M,I) be an almost complex manifold, meaning that = —idrM but / is not 
necessarily integrable. This defines an almost GC structure J^j on M by 

T - 

of type n at every point. It has associated Dirac structure defined by 

Ej = To,iM e r*oM, 

where Ti_oAf, Tq^iM C TcM denote the zbi-eigenbundles of /. As discussed in Section 3 
of [9], it is a GC structure if and only if / is integrable, i.e. if and only if / is a complex 
structure on M. 

3. Let M be a Kdhler manifold with Kahler form u G f2^(M), complex structure I : TM — )• 
TM, and associated Riemannian metric g. Then J'l^ and J7/ commute and 

G:=-XoJ,= (° 

is positive definite, so {M,J^,Ji) is a GK manifold. 
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Example 2.10. Let (Mi,j7i) and {M2,J2) be almost GC manifolds. Then the direct sum J' 
of Ji and J2 is a map J := [Jx.J^) : TMi eTMa TMi eTMa, which under the identification 
TMi © TM2 = T(Mi X M2) yields an almost GC structure on Mi x M2. We wih cah this the 
direct sum of the almost GC structures on Mi and M2. It is not hard to see that {^J\^J2) is 
a GC structure on M\ x M2 if and only if Ji is a GC structure on Mj for i = 1,2. 

Let G J^ci(Afi) and H2 G 0|?i(M2), let VTj : Mi x M2 ^ Mj be the natural projection for 
i = 1,2, and set H := TrJ'i?! + 7r|i?2- By the naturality of the exterior derivative, we know H is 
a closed three- form on Mi x M2. Furthermore, it is not hard to see that (j7i, J2) is an ff- twisted 
GC structure on Mi x M2 if and only if J is an ifj-twisted GC structure on Mj for i = 1, 2. 

There is a completely analogous product construction for almost GK and GK manifolds as 
well. 

Let (M, E, H) be a twisted GC manifold. Suppose 5 is a submanifold of M given by the 
embedding j : S ^ M. Although j induces a natural embedding : TS ^ TM of tangent 
bundles, because of the contravariance of cotangent bundles there is in general no obvious 
embedding TS ^ TM of the Pontryagin bundles. The following definition comes from [3]. 

For each x € S, define 

Es,. := { {X, \\s) G Tc,x5 I {X, A) G (rc,.5 © Tl^M) n E^] . 

By [21 Lemma 8.2], this Es., 2; is a maximally isotropic complex subspace of Tc -jS". Let Eg : — 
UzeS ^s.x- Then Eg is a constant-rank complex linear distribution of TqS, but is not in general 
a smooth subbundle, nor will it generally satisfy Es H Eg = 0. 

Proposition 2.11. Let [M,E,H) he a twisted GC manifold, let j : S ^ M be a submanifold, 
and let Es C TqS be as defined above. If Es is a subbundle ofTcS, then Es is (j* H )-twisted 
Courant involutive. 

In the untwisted case, where H = 0, Proposition 12.111 was proved in [5l Corollary 3.1.4]. 
The proof in the twisted case is nearly identical, with only minor changes to this proof and the 
relevant definitions and precursory results, (i.e. Definition 2.3.2, Propositions 2.3.3 and 3.1.3, 
and Corollary 3.1.4 in [5]). 

Definition 2.12. Let (M, E, H) be a twisted GC manifold, and let j : 5 M be a submanifold. 
If Es C T(cS is a subbundle and satisfies Es H Es = 0, then {S,Es,j*H) is a (twisted) GC 
submanifold of {M,E,H), and we denote by Js the GC structure on S induced by Es. 

Remark 2.13. Suppose {M,E,H) is a twisted GC manifold, and j : S ^ M is an open sub- 
manifold. Then since TS and T*S can be identified with (TM)\s and {T*M)\s, respectively, we 
see that we can identify Es with E\s, that Js = JIts, and that j*H can be identified with H\s. 
Therefore an open submanifold of an ff-twisted GC manifold is automatically an ff-twisted GC 
manifold. Similarly, an open submanifold of an i?-twisted GK manifold is automatically an 
i?-twisted GK manifold. 

Definition 2.14. Let (M, ^7) be an almost GC manifold, and let 5 C M be a submanifold. 
A splitting bundle for 5 with respect to (M, ^7) is a subbundle of TM\s — > S such that 
TM\s = TS ® N and TS © Ann(A^) C TM is invariant under J. If a splitting bundle exists 
for S, then S is called a split submanifold of {M,J). 

The following is an extension of Proposition 5.12 of to the twisted case. As with Propo- 
sition 12. m the original proof still holds with only minor alterations. 
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Proposition 2.15. Let {M^J^H) he a twisted GC manifold, and let i: S ^ M be a split 
submanifold of M with splitting bundle N S. Then S is an (i* H)-twisted GC submanifold of 
{M^JjH), and the GG structure corresponding to the bundle Eg is the same as the one induced 
by the restriction of J via the natural isomorphism 

TS^TS® Ann N C TM. 

It is straightforward to show that this imphes the following. 

Corollary 2.16. Let (M, J'l, J'2,H) be a twisted GK manifold, and and let i: S ^ M be a split 
submanifold of M with respect to both J\ and Ji, with common splitting bundle N ^ S. Then 
{S, (v7i)vF) {'J2)w) is an {i* H) -twisted GK manifold. 

Definition 2.17. Let M be a manifold, and let G be a Lie group acting smoothly on M. This 
lifts to an action of G on TM by bundle automorphisms, given by 

{g,,{9~'T) ■■ TM^TM 

for each g ^ G, where (7* is the pushforward of tangent vectors by the map g: M ^ M and 
{g~^)* is the puUback of tangent covectors by the map g"^ : M — > M. 

Let J be an i7-twisted GC structure on M. We say that the G-action on (M, J', H) is 
canonical if the following hold. 

1. The differential form H is G-invariant, i.e. g*H = H for all g £ G. 

2. The action of G on TAf commutes with J7, i.e. the diagram 



TM—^TM 



(9.,(9-^)*) 



TM TM 

commutes for all g £ G. 

It is easy to check that a smooth group action on a manifold commutes with an almost GC 
structure J7 : TM — >■ TM if and only if the complex linear extension of the action preserves the 
corresponding complex Dirac structure. 

Example 2.18. Let (M, w) be an almost symplectic manifold, let : TM — > T*M be the 
associated bundle isomorphism, and let 



-a;f 
oj^ 



be the associated almost GC structure on M. Let G be a Lie group acting smoothly on M. 
It is easy to check that the G-action is symplectic if and only if the map : TM — >■ T*M is 
G-equivariant with respect to the pushforward action on TAI and the inverse pullback action 
on T*M, if and only if the G-action commutes with J^. 

Recall that for a smooth action of a compact Lie group G on a manifold M, each connected 
component of the fixed point set M^ is a closed submanifold of M. (Different components 
of M^ may have different dimensions.) 

Proposition 2.19. Let M be a manifold, and let J be an almost GG structure on M . Suppose 
the compact Lie group G acts canonically on [M, J') . Then each component of M^ is a split 
submanifold of (M, J') . 
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Proof. Let (M^)' be a component of M^. First, recall that for each x € (M*^)' the derivative 
of the action of G at x defines a linear action of G on TxM, and that Tx{M^)' = (T^M)'^ . Let 
dg be a bi-invariant Haar measure on G, adjusted so that dg{G) = 1. Define a bundle map 
tt: (rM)l(^G), T{M^)' by setting 

'T^x{v) ■= / {g ■ v) dg for all v G V, 
Jg 

for each x G (M'^)'. Define the subbundle C {TM)\(^]^Gy by setting Nx := kervTa; for each 

X G (M*^) . That vr is a bundle map and is a vector bundle follow from the naturality of the 
technique of averaging by integration. Note also that T^M = [T^M)^ ® = Tx{M^)' 
for each x G (M*^) . To conclude that is a splitting for (M^)' C {M,J'), it remains only to 
show that r(M<^)' Ann(A^) = (rM)<^|(^G)/ Ann(iV) is preserved by J. 

Fix X G {M^y, let V = T^M, and let W = N^. We claim that Ann(l^) = (F*)'^, which 
would imply that (V V*)'^ = V'^ ® (V*)'^ = V'^ B Ann(W^). Since Jx commutes with the 
action of G on V*, we know that J {{V V*)'^) = (V ® V*)'^, and hence a proof of this 
claim completes the proof of this proposition. 

Let A G Ann(T^), let 5 G G, and let u ^ V . Decompose u as u = v + w for v G V'-' and 
w G W . Then 

{g-X){u) = \[g-^ -u) 

= \{g~^ ■ v) + \{g-' ■ w) 

= \{v) + \{g~^ ■ w) since v eV'^ 

= \{v) + since w ,W \s G-stable, and A G Ann(P^) 

= A('y) + \{w) since w € W and A G Ann(W) 

= A(n). 

Therefore A G (V*)^, so Ann(VF) C (F*)*^. Note that 

Ann(VF) ^ (y/VF)* = {{V^ ^ (V^)*. 

Hence dimAnn(l^) = dim(y<^), so Ann(V^) = (V*)^. U 

3 Background information on G-spaces 

In this section we give some brief definitions and results about compact group actions on man- 
ifolds which will be required in later sections. The standard reference for the material on 
equivariant cohomology is |10| . The material on orbit spaces and their stratification by orbit 
types can be found in [71 Chapter 2] and [iHl Chapter 2]. 

3.1 Equivariant cohomology 

Let M be a manifold and G be a compact Lie group acting smoothly on M. Consider the space 
^}^{M) (8) S^{g*), where denotes the degree i elements of the symmetric algebra. This is a G- 
space with action defined by linear extension of the rule g ■ {a (Si p) ■= [{g~^)*aj (X) {p o Ad^-i) 
for 5 G G, a G n*{M), p G S{q*). We can identify Q'^iM) ® S\g*) with the space of degree i 
polynomial maps g — )> Q,^{M) via 

for C G g. An element of i7'^(M)(8>S''(g*) is G-invariant if and only if its corresponding polynomial 
map is G-equivariant with respect to the adjoint action of G on g and the action of G on Q^{M) 
given by g ■ a := {g~^)*a for g( G G, a G O'^(M). 
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Definition 3.1. Let M be a manifold and G be a compact Lie group acting smoothly on M. 
The space of equivariant differential forms of degree n on M is 

Ln/2J 

^ciM) := (0"-2'(M) 5^(0*))^. 

The differential d^: J^J^ ^ n^.^^ is defined, viewing equivariant forms as maps g Q,*{M), by 

dcia (8)p)(C) := (da - ig^/") PiO for all C ^ 0- 

The Cartan model for the G-equivariant cohomology of M is H^{M) := ff*(Q^,dG). 

Suppose now that G acts freely on M. Then the G-equivariant cohomology of M is naturally 
isomorphic as a graded algebra to the de Rham cohomology of the quotient M/G, 

H*q{M) ^ H*{M/G). 

We denote this isomorphism by k: H^{M) H*{M/G). 

Let B G il"(M). The form B is called basic if it is G-equivariant and if i^j^B = for all 
^ G 0. If there is a differential form B G VL'^{M/G) such that the pullback of B by the quotient 
map M — >■ M/G equals B^ then we say B descends to 

Proposition 3.2. Let M he a manifold and G he a compact Lie group acting smoothly and 
freely on M . 

(a) If B e J]'"(M) is hasic, then B descends to some B G il"(M/G). 

(h) If B G Q,"'{M)^ C Q,q{M) is equivariantly closed, i.e. dcB = 0, then B is closed and hasic 
and descends to some closed B G Q^{M/G) such that 

k[B] = [B], 

where [B] and [B] are the cohomology classes of B and B, respectively. 

(c) If r] ^ Qq(M) is equivariantly closed, then there exists T G Q^^{M) so that rj + dcL G 
r2"(M)'^ C r2^(M). In this case, since Ty + dcT is equivariantly closed, it descends to some 
^ G J^"(M/G) such that K[r/] = 

Definition 3.3. Let M be a manifold and G be a compact Lie group acting on M smoothly 
and freely. Then M M/G is a (left) principal G-bundle. A connection on this bundle is 
a 0- valued one-form 6 G Q}-{M,q) such that 

1. 9 is G-equivariant, i.e. g*9 = Kdg o 9] 

2. 9{^m) = ^ for all ^ G 0. 

3.2 Orbit type stratification 

Let G be a group. For each subgroup H of G, we will denote by (H) the set of subgroups of G 
that are conjugate to H. Suppose G is a compact Lie group and M is a manifold on which G 
acts smoothly. Note that the conjugacy relation among subgroups of G preserves closedness, 
and hence also preserves the property of being a Lie subgroup. 

Definition 3.4. Let x G M, and let Gx := {g ^ G \ g ■ x = x} he the isotropy subgroup of x 
in G. The orbit type of the point x, or of G • x, is the set (Gx) of subgroups of G that are 
conjugate to Gx- 

Let H he a closed subgroup H of G. The {H)-orbit type submanifold of M is the set 
^(H) '■= {x £ M \ Gx £ (H)}. The H -isotropy type submanifold of Af is the set Mh := {x G 
M \Gx = H}. The H-fixed point submanifold of M is the set M^ := {x e M \ Gx C H}. 
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Note that the sets defined above are related by the equation Mh = M(^u-^ n . Also, two 
G-orbits in M have the same orbit type if and only if they are G-equivariantly diffeomorphic. 
This leads one to the following definitions. 

Definition 3.5. Let x G M, and let H = Gx- The local action type submanifold through x 

is the subset C M of points y & M such that there is a G-equivariant diffeomorphism 

between G-invariant open neighborhoods of x and y. Define Mj| := n . 

Some important properties of the sets we have defined above are collected in the following 
proposition. Their proofs can be found in the references cited at the beginning of this section. 

Proposition 3.6. Let G be a compact Lie group, and M be a manifold on which G acts smoothly. 
Let X £ M and put H = G^ . Then the following hold. 

(a) M^fjjy respectively Af]|, is an open and closed subset of M(^jj-^, respectively Mh- 

(b) The sets M^^Jj^ o.'nd Mj| are locally closed embedded submanifolds of M , as is each connected 
component of Mh, of M(^h)! '^i^d of . 

(c) M]| and consists of the union of certain components of Mu and M( u) > respectively. 

(d) Mh and M^^ are open in M^ . 

(e) M^H) and M'^^^^ are G-stable, and G ■ Mh = M(^h) and G ■ = M||^^. 

(f) Let N = Nc{H) be the normalizer of H in G. Both Mh and Mjf are N -stable, and N/H 
acts freely on both. Hence AL^ /N = M]|/ (N/H) is a manifold. 

(g) The inclusions Mh ^ M(^h) and Afj| ^ ^^{h) if^duce homeomorphisms Mh — > M^h) and 
M'^/N — )• M^^^^/G. Thus the quotient M'|^^/G inherits a natural manifold structure. 

(h) Each component of the quotient M(^h)/G inherits a natural manifold structure. 

In general, the orbit space M/G can be a very singular space. It will be a Hausdorff and 
second-countable topological space, but will rarely inherit a manifold, or even an orbifold, struc- 
ture from M. However, because M is the disjoint union of its orbit type submanifolds, we can 
also partition the orbit space: 

M/G = □ M(^)/G, (3.1) 

where the disjoint union is taken over all the distinct orbit type submanifolds of M. Since each 
component of M(^h)/G is a manifold, we know that, after refining the partition to components, 
(j3.ip is a partition of M/G into manifolds. It is called the orbit type partition of M/G. 



Remark 3.7. All of the above results hold true even if G is an arbitrary Lie group, so long as 
it acts on M both smoothly and properly. 

4 Hamiltonian actions on generalized complex manifolds 

In [13], the authors proposed the following definition of Hamiltonian actions on GC manifolds. 

Definition 4.1. Let (M, J7) be an untwisted GC manifold, let E be the associated complex 
Dirac structure on M, and let G be a Lie group acting canonically on {M,J). This action is 
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generalized Hamiltonian if there exists a G-equivariant map /i: M ^ g* such that, for all 
a/ = - J(dAi«) 

or equivalently — idi^L^ G Here //^ : M ^ M is the smooth function defined by fJ.^{x) := 

(//(x),.^) for all X G M. The map is called a generalized moment map for the G-action 
on {M,J). 

Let (M, H) be a twisted GC manifold, and let G be a Lie group acting canonically on 
{MjJ'jH). This action is twisted generalized Hamiltonian if there exists a G-equivariant 
map fi: M — t- g* and a G-equivariant g*-valued one-form a G i^^{M,Q*) on M such that, for all 

1- Cm = — i7(d/i^) — (or equivalently + — idfi^ G r{E)), and 
2. /,^^^i7 = da«. 

Here fj,^ is as defined above, and G 0^(M) is the differential one- form on M defined by 
{a^)x{v) := {ax{v),(,) for all x G M, u G TxM. The map /i and the one-form a are called 
a generalized moment map and a moment one- form, respectively, for the action G-action 
on {M,J,H). 

Definition 4.2. Let (M, J\, J'l) be a GK manifold, and let G be a Lie group acting on M and 
preserving both J\ and J^- This action is called generalized Hamiltonian if the action of G 
on (MjJ'i) is generalized Hamiltonian. 

Similarly, if {M,Ji,J2,H) be a twisted GK manifold, and the G-action preserves Ji, J^-, 
and then the action is twisted generalized Hamiltonian if the action of G on (M, J7i, i^) 
is twisted generalized Hamiltonian. 

Remark 4.3. 

(a) Note that a moment one-form a G rJ^(M, g*) is an equivariant differential form of degree 3. 

(b) Because E is an isotropic subbundle, the condition that + — idfi^ G E implies that 
{{Cm + — idfi^j^M + — «d;U^)) = 0, and hence that i^^j^jOi^ = i^j^jdfi^ = 0. 

(c) Given a GC manifold {M,J), one can consider this as a twisted GC manifold {M,J',H) 
by setting H = 0. Therefore, if a Lie group G acts on (M, J') canonically, we have 
two notions of whether the action is Hamiltonian. It may be Hamiltonian as an action 
on (M, in which case there is just a moment map, or it may be Hamiltonian as an 
action on (M, J, H), in which case there is both a moment map and a moment one- form. 
It is potentially interesting to explore both possibilities. 

Example 4.4. Let (M, w) be a symplectic manifold, and let G be a Lie group acting on (M, w) 
in a Hamiltonian fashion with moment map M — >■ g*. Recall that this means the G-action is 
symplectic, the map $ is G-equivariant, and for all ^ G g we have d<I>^ = l^^^j. Let J'^ be the GC 
structure on M induced by uj. As discussed in Example 3.8 of [H], the action of G on {M,J^) 
is generalized Hamiltonian, and $ is a generalized moment map. 

Theorem 4.5. Let (M, E, H) he a twisted GC manifold, where E is the associated complex 
Dirac structure, and let G he a Lie group acting on (M, E, H) in a Hamiltonian fashion with 
moment map fi: M ^ q* and moment one- form a G r2-^(M, g*). If j : S ^ M is a G-stahle 
twisted GC suhmanifold of {M,E,H), then the restriction of the action of G to {S,Es,j*H) is 
Hamiltonian with moment map iJ,\s- S ^ q* and moment one-form j*a G f2-'^(5, g*). 
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Proof. First we will prove that the action of G on preserves Es- Let x € S" and A) G 

(Tc^xS ffi ^M) n Ex, which means that (X, X\s) G Es^x- Then for any g ^ G we have 

g-{X+fX)=g,iX) + ig~^rX\s. 

Because S is G-stable, the inclusion j: S" ^ M is G-equivariant, i.e. the G-action commutes 
with j. Hence : TS ^ TM is G-equivariant, so g^:{X) E Tg.xS. Also 

(g-'r (Ms) = (5^')TA = fig-'yx = ((5-')*A) Is. 

Since E is G-stable, we have g- {X + X) = g^X) + {g~^)*X G Eg.x. Therefore g • {X,j*X) = 
{9*{X),j*{g-^)*X) G Es,g.x. Thus Es is G-stable. 

Now suppose that (S, Es, j* H) is a GC submanifold of (M, H), meaning that Es is a vector 
bundle, that £^5- n Es = 0, and that Es is -twisted Courant involutive. Since j is G- 
equivariant, for all ^ G g we have ^m\s = ^5; (j*/^)^ = a-iid (j*a)^ = j*(a^). Furthermore, 

by the naturality of the exterior derivative we have 

d(jV)« = dj*(Ai«)=j*(dAi«), 

so d(/i|5)^ = (d/u^)!^. For each x G 5 C M, since [^m + — id^u^)]^ G -E^, this means that 

Again using the G-equivariance of j, for all x G S" we have 

i^isfWlx = fi^(sH)\x = n^iMH)\x = = d(j*a)« 

X 

Thus the action of G on (S, Es,j*H) is twisted Hamiltonian with moment map /^l^ and moment 
one- form a\s- B 

The above result holds also for the untwisted case, of course, by putting H = and a = 0. 
The following three results are exactly what makes reduction of generalized Hamiltonian 
manifolds possible. 

Theorem 4.6 (Lemma 3.8 and Proposition 4.6 of [H])- Let a compact Lie group G act on a GC 
manifold (M, J'), respectfully a GK manifold (M, Jx^J'i), in a Hamiltonian fashion with moment 
map fx: M ^ Q*. Suppose a G g* is an element such that G acts freely on the inverse image 
fi~^{Oa) of the coadjoint orbit Oa of G through a. Then the quotient space fi~^{Oa)/G inherits 
a natural GC structure J from J , respectfully a natural GK structure (^Jx^J'i) from {Ji,J2)- 

Lemma 4.7 (Lemma A. 6 of [2]). Let a compact Lie group G act freely on a manifold M . Let 
H he a G -invariant and closed three-form, and let a: Q ^ Q^{M) be an equivariant map. Fix 
a connection 9 G 0^(M, g) on the principal G-bundle M M/G. Then if H -\- a G Qq{M) is 
equivariantly closed, there exists a natural form T G f^^(M)'^ so that /-^^^F = for all ^ G 0. 
Thus + a + dcF G il^(M)*^ C Qq{M) is closed and basic and so descends to a closed form 
H G 03(M/G) so that \H] = n[H + a]. 

Theorem 4.8 (Propositions A. 7 and A. 10 of |14j). Let a compact Lie group G act on a twisted 
GC manifold {M^J^H), respectfully a twisted GK manifold (M,J'i,J2,H), in a Hamiltonian 
fashion with moment map fi: M ^ q* and moment one-form a G ^^{M,q). Suppose o G 0* 
is an element such that G acts freely on the inverse image fi^^{Oa) of the coadjoint orbit Oa 
of G through a. Assume that H -\-a is equivariantly closed. Given a connection on the principal 
G-bundle fi^^{Oa) fi^^{Oa)/G, the quotient space fj,~^{Oa)/G inherits an H -twisted GC 
structure J from J , respectfully an H-twisted GK structure {^J\,J2) from i^Jx^J'i), where H is 
defined as in Lemma \A.l\ above. Up to B-transform, these inherited structures are independent 
of our choice of connection. 
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Definition 4.9. The quotient space fi^^{Oa)/G in Theorems 14.61 and 14.81 is cahed the gene- 
ralized complex quotient (or generalized Kdhler quotient, as apphcable), or the Lin 
Tolman quotient, of M by G at level a. We use the notation 

Ma := fl~\Oa)/G. 

Remark 4.10. As noted in Example 3.9 of [H], in the context of the hypotheses of Theorem l4.61 

if the GC structure and moment map come from a symplectic structure and moment map, 
then the GC structure on the quotient is exactly the one induced by the Marsden-Weinstein 
ssymplectic structure on the quotient. 

The following result will be useful to us later. Its proof follows trivially from the definitions 
of generalized and twisted generalized Hamiltonian actions. 

Lemma 4.11. Let {A'I,J,H) he a twisted GC manifold with a Hamiltonian action of a Lie 
group G, moment map fi: M — t- g*, and moment one-form a G i^^{M,Q*). Let K d G he a Lie 
suhgroup. Then the induced action of K on {M, J , H) is also Hamiltonian, with generalized 
moment map and moment one-form the compositions of n and a, respectively, with the projection 
Q* -» t* dual to the inclusion i ^ g: 

M — ^ 0* — ^ r , TM -^-^ Q* — ^ r . 

Example 4.12. Let G be a Lie group, and let (Mi, J'i, Hi) be a twisted GC manifold on 
which G acts in a Hamiltonian fashion with moment map fii : Mi — )• g* and moment one- 
form ai G O^(Mj,0*), for i = 1,2. Let (Mi x M2,J,H) be the product of these two GC 
manifolds, as defined in Example 12.101 Recall that J' = {^J\,J2) and H = vr^ifi + it 2^2-, where 
TTj: Ml X M2 — ^ Mi is the natural projection for i = 1,2. Define /x: Mi x M2 ^> 0* © 0* and 
a G X M2,g* © 0*) hy fi = tt^^i + 7T2fJ-2 and a = 7r*ai + 7r2a2- It is easy to check that 

the action of G x G on Mi x M2 is twisted generalized Hamiltonian with moment map fx and 
moment one-form a. 

Embedding G diagonally in G x G, we obtain a Hamiltonian action of G on Mi x M2. The 
projection 0* © 0* ^ 0* induced by this embedding is given by addition: (Ai, A2) Ai + A2, so 
a moment map and moment one-form for the G-action on Mi x M2 is given by 

MixM2^0*, (2:1, X2) ^ /ii(2;i) + ^2(2:2) 

and 

TMi X rM2 ^ 0*, {Xi,X2) ^ ai(Xi) + a2{X2), 
respectively. 

Perhaps the most important instance of the construction of Example 14.121 is if we start with 
an arbitrary twisted generalized Hamiltonian G-manifold, {M,J',H,fj,,a), and let the second 
GC manifold be a coadjoint orbit Oa in 0*, where a G 0* is some fixed element. Let uja be the 
canonical symplectic structure on Oa- The action of G on Oa is Hamiltonian in the symplectic 
sense, with moment map given by the inclusion Oa ^ 0*. Using the symplectic structure —coa 
instead, the action is still Hamiltonian, but now the moment map is given by the negative 
inclusion (!?„— >0*,Ai-^'— A. 

As described in Examples l2.9l and l4.4l the symplectic structure —Ua induces a GC structure J'a 
on Oa, and the G-action on Oa is generalized Hamiltonian with the same moment map. Viewing 
{Oa,J^a) as a twisted GC manifold where the twisting is by the zero three-form, the G-action 
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is twisted generalized Hamiltonian with a constantly vanishing moment one-form. Then the 
diagonal G-action on M x Oa is twisted generalized Hamiltonian with moment map 

fi': M xOa^ Q*, (x, A) ^ fi{x) - A 

and moment one-form 

a':TMxT{Oa)^Q*, {X,Y) ^ a{X). 

The reason this construction is important is that it is the basis of the shifting trick. If one 
wishes to reduce M by G at level a € g*, one can instead consider the reduction of M x Oa 
by G at level 0, because 

Ma « (M X Oa)o 

as topological spaces. To see this, observe that ^~^{Oa) and (^')^^(O) are G-equivariantly 
homeomorphic via the maps 

and 

5 Partition of the generalized reduced space 

Let M be a manifold, G be a Lie group acting on M smoothly, and ^: M — > g* a smooth, G- 
equivariant map. Let a € 0*. By equivariance the pre-image /i"^(C'a) of the coadjoint orbit Oa 
is preserved by G, and so we can consider the quotient space fi~^{Oa)/G. Let M = \_\M(^jj-^ 
be the orbit type partition of M. Because each set M(^jj) is stable under G, each intersection 
H~^{Oa) n Mf^jj^ is also stable under G, so the orbit type partition of M descends to a partition 

^r\Oa)/G = □ ifl-HOa) n M^H)) /G 
{H) 

of the quotient fj,~^{Oa)/G. 

Suppose now M is a symplectic manifold, the G-action is Hamiltonian, and /i is a moment 
map. In this case the quotient space Ma ■= fi~^{Oa)/G is called the symplectic reduction, 
or Marsden Weinstein quotient, of M at level a. The symplectic moment map condition is 
that d/i^ = L^^i^} for all ^ G 0. If G acts freely on then each is nonzero on ^~^{Oa), 

which by the non-degeneracy of uj implies that a is a regular value of /U. Therefore ^~^{Oa) C M 
is a submanifold, so Ma is a manifold. In this case, Marsden and Weinstein proved that Ma 
inherits a natural symplectic structure. Theorems 14.61 and 14.81 proved in [14], are analogues of 
this result. 

In the event that the symplectic quotient is singular, one can consider the individual parts 
of the partitioned quotient. In [19], Lerman and Sjamaar proved that each component of 
(Ma)(-^) := (/U~^(Oa) nM(j:/)) /G inherits a natural symplectic structure. The main results 
of this paper are analogues of this in the generalized complex case. 

Remark 5.1. By the symplectic moment map condition, d^^ = i^(]^jUJ, if a € 0* is a regular 
value of then each vector field is nowhere zero on fi~^(a). This means that the action of G 
on fj.~^{a) is at least locally free, which means that the quotient Ma is at worst an orbifold, to 
which Marsden and Weinstein were able to associate a symplectic structure. By Sard's Theorem, 
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a generic value of /i will be regular, so the generic result of symplectic reduction is a symplectic 
orbifold. 

If (M, is an untwisted GC manifold with moment map /i, then the generalized moment 
map condition, J'{djj.^) = —Cm, likewise guarantees the equivalence of regular values and local 
freeness of the action, so Ma is at worst an orbifold. However, if (M, J', H) is a twisted GC 
manifold with moment map ^ and moment one- form a, then this equivalence may no longer 
hold, due to the presence of the moment one-form in the moment condition: 

J(d/i«) = -Cm - a^. 

Specifically, .^m could vanish even if J7'(d/.i^) does not. Therefore, it seems that the generic result 
of GC reduction may be a GC singular space. 

Before stating and proving our main theorem, we need the following lemma. 

Lemma 5.2. Let {A-I,J',H) be a compact, twisted GC manifold, and let G be a compact Lie 
group acting on (M, J', H) in a Hamiltonian fashion with moment map /u: M — )• q* and moment 
one-form a G Q}{M,q). If the G -action on M is trivial, then d/i = a = 0. 

In Lemma 5.5 of [1], the authors proved the above result in the case that G is a torus; however, 
their proof holds just as well in the non-abelian case. It relies on viewing the components of 
as the real parts of a pseudo-holomorphic function and applying a version of the Maximum 
Principle, a course first taken in jl7j . A thorough description of this version of the Maximum 
Principle can be found in Section 4.4 of [8]. 

Theorem 5.3 (Singular generalized reduction). 

(a) Let (M, J') be a GC manifold, and let G be a compact group acting in a Hamiltonian fashion 
on (M, J) with generalized moment map fi: M ^ q* . Let a € g*, and let Ma = \_\{Ma)(^H) 
be the orbit type partition of the GC quotient of (M, J') by G at level a. Then each 
component of each {Ma)(^jj^ inherits a natural GC structure from {M^J). 

(b) Let (M, J ^ H) be a compact GC manifold, and let G be a compact group acting in a Hamil- 
tonian fashion on (M, J', H) with generalized moment map fi: M g* and moment 
one-form a E Q^{M,q*). Assume that H + a is equivariantly closed. Let a € g*, and 

= \_\{^o)(H) be the orbit type partition of the GC quotient of (M, J', H) by G at level a. 
Then each component of each [Ma)^^^^ inherits a twisted GC structure from {M,J',H), 
natural up to B -transform. 

Proof. We begin with the twisted case. 

First we prove the theorem in the case that a = 0. 

Let X £ M and K = Gx- Note that this implies that K is a closed subgroup of G, and 
is hence compact. Clearly K acts canonically on {M,J',H), since G does. By part (c) of 
Proposition 13.61 M^^ is open in M^. It follows that every component of M^ intersecting M]^ 
has the same dimension as M]^. Let M^ be the union of components of M^ having nontrivial 
intersection with M]^. Since each component of M^ is a manifold, it follows that M^ is also. 
Furthermore, by Proposition 12.191 we know that each connected component of M^ is a split 
submanifold of (M, J'), and hence also a twisted GC submanifold. Therefore so is M^ . 

Let Zf^ be the union of components of M]^ that have nontrivial intersection with ;U~^(0). 
Since Zf^ is open in M]^, which is open in M^ , as discussed in Remark 12.131 we know that Zf^ 
is a twisted GC submanifold of M^ , and hence also of M. Let j: Zf^ ^ M he the inclusion, 
and denote the (j*i?)-twisted GC structure of Zf^ by J'. 

Let N = Ng{K) be the normalizer of K in G. By part (e) of Proposition 13.61 we know M]^ 
is A^-stable. In fact, so is Zf^, as we now show. Note that connected components of manifolds 
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are path-connected. Therefore, for any n € N, y,z & are in the same component, then 
so are n ■ y and n ■ z. Now let n € and y S Zf^. By the definition of Zf^, there exists some z 
in the same component of M]^ as y such that z G ^~^(0). Since ^~^(0) is A^-stable, this means 
n ■ z € /i~^(0) n Mj^ C Zf^, and hence n ■ y € Z^ as well. 

Now we will show that \i{Z^) and aiTZ^) lie in Anng*(t) n (fl*)^', where Anng*(t) denotes 
the annihilator of ^ in g*. Since is fixed point- wise by K and ^ and a are equivariant, we 
know these two sets are contained in (g*)^. Because is closed in M, it is compact. Since K 
acts trivially on , it follows from Theorem 14.51 and Lemmas 14.111 and 15.21 that d//^ = = 
on TM^ , and hence on TZf^, for all ^ G Hence //^ is locally constant on Zf. for all ^ € fi. 
Because each component of Zf^ has nonempty intersection with fi~^{0), it follows that fi^ = 
on Zf^ for ah ^ G t, so fi{Zf^) C Anng.(e). 

Let L denote the quotient Lie group N/K, and let [ denote its Lie algebra. In Lemma 17 of [2], 
it is proved that the projection g* n* dual to the inclusion n g induces an isomorphism 

Anng.(e)n(g*)^ ^ Ann„.(«) ^ T. 

Let /i' : Zf^ — 7> [* and a' : TZf^ I* be the compositions of this isomorphism with the restrictions 
of fi and a, respectively, and note that 

n^-i(o) = zf n(/.')"^(o). 

Because Zf^ is fixed point- wise by K, the action of N on Zf^ induces an action of the quotient 
L = N/K on Z^. We now verify that this action is twisted generalized Hamiltonian with 
moment map ^' and moment one- form a' . 

Since ^, q, and the projection g* n* are A^-equivariant, and Zf. consists of if-fixed 
points, we know that ^' and a' are L-equivariant. Now we check that ^' and a' satisfy the 
generalized moment map conditions for the L-action on Z^. Because K fixes the points of Z^, 
the infinitesimal action of t on Zf. is zero, so for all G n we have = ^z^. , where [^] denotes 
the image of ^ under the quotient projection n -» n/t = I. As noted above, f/' = and = 
for all r/ G so (//')'^^ — 1^^ (a')[^l = for all ^ G n. By Theorem 14.51 and Lemma I4.1H the 
compositions 

Z% g* n* and TZf, g* n* 

are a generalized moment map and moment one- form for the A^-action on the (j*-ff)-twisted GC 
manifold Zf^, respectively, so we conclude that 

= Czf, = -J'idfi^) - a« = - j'(d(M')t«0 - 

and 

'[^]zAfH) = HzAfH) = da« = d{a'p 
for all [C] G [. 

By part (e) of Proposition 13. 6( we know that N/K acts freely on Z^, and hence also 
on (/_{') ~^(0). Since if + a is G-equivariantly closed, we know H is closed. Using this fact, 
our computations from the previous paragraph, and part (b) of Remark 14. 3| we compute 

dUfH + a'M]) = d{j*H) - ifH) + d{a'f^ - l^^]^^ {a'f^ 

K K 

= f{dH) - Li.^^ ifH) + da« - L^^^ (a«) 
= - dQ« + da« - = 
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for all [^] G (n/t)* = I* ■ Hence j*H + a' is L-equivariantly closed. Therefore we can apply 
Lin-Tolman's twisted generalized reduction, Theorem 14.81 above, and obtain a GC structure on 
the quotient space 

if^rHo)/ (N/K) - {^,r\o)/N={zf,n^,-\o))/N. 

Recall that this structure is only natural up to i^-transform. It follows that each component of 
(Zf n /u"HO)) /N is a twisted GC manifold. 

By varying the point x € Mk, and thus varying the manifold Z^, we can conclude that every 
component [Mk n /i~^(0)) / N is a twisted GC manifold. 

By parts (d) and (f) of Proposition 13.61 we know that G ■ Mk = and that the inclusion 

Mk ^ M^(K) induces a homeomorphism Mk/N ~ M^^i^^^/G. Together with the fact that ^~^(0) 
is G-stable, this first fact implies that G ■ [Mk H /U~^(0)) = M(/^) n /U~^(0). Together with the 
second fact, this implies that 

(Mo)(^.) := {M^K) n f^-\0))/G « {Mk n fi'Ho))/N, 

and so each component of (Mo)^^) inherits a twisted GC structure, natural up to i?-transform. 

The general case, where the reduction is taken at an arbitrary level a £ q* now follows from 
the shifting trick, as explained following Example 14.121 above. 

Now we consider the untwisted case. Since an untwisted Hamiltonian GC manifold is simply 
a twisted Hamiltonian GC manifold with H = and a = 0, the only real difference between 
parts (a) and (b) of this theorem is that in part (a) we do not assume that M is compact. Note 
that the only time above where we used the fact that A-I is compact was when showing that /i^ 
and both vanish on Zfr for all ^ € fi, and hence that fi{Zf^) and a{TZf^) lie in Anng*(fi). For 
this non-compact case, note that since Zf^ contains only i^-fixed points, we have = for 
ah ^ € fi, so 

and hence fi^ is locally constant on Zf^ for all ^ £ i. Because each component of Zf^ has 
nonempty intersection with ^~^(0), it follows that = for all ^ € ^, so fi{Z'f^) C Anng*(6). 
This completes the proof of (a). ■ 

Corollary 5.4 (Singular generalized Kahler reduction). The results of Theorem 15.31 hold if all 
GC and twisted GC structures are replaced by GK and twisted GK structures, respectively. 

Proof. Suppose {M, Ji, J2) is a GK manifold, twisted or untwisted. Because a generalized 
Hamiltonian action on the GK manifold (M, Ji, J2) is simply a generalized Hamiltonian action 
on the GC manifold {M,J'i) which also preserves the structure it is easy to check that 
the proof of Theorem 15.31 holds in precisely the same way for our present situation. We will 
simply note that, for any Lie subgroup K of G, because both J7i and J^2 are preserved by K, by 
Proposition 12. 19l we know that each component of is a split submanifold of M with respect 
to both GC structures, so it is a GK manifold. Everything else is entirely straightforward to 
check. ■ 
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